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Abstract

A polynomial f(x) over a finite field F,» is called a permutation polynomial if its associate
function f:F,n - F,n is a bijective mapping. If f(x +6) + f(x) + 0x is a permutation
polynomial of F,n for every non-zero 6 € [F,n, then the polynomial f(x) is said to be a planar
function over [F,n. In this article, we propose two classes of planar functions over finite fields [F,ts
fort = 3, 4.
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1. Introduction
1. Introduction

Let [F, be a finite field with q elements, where ¢ = p™ for some prime p and positive integer n.
A polynomial f over a finite field [F; is called a permutation polynomial if its associated function
f: Fq— I, is one-one and onto. Permutation polynomials have attracted numerous researchers for
more than a decade. Constructing new families of permutation polynomials and determining a
given polynomial to be a permutation polynomial is a challenging problem [24]. Apart from this,
permutation polynomials have been studied for their crucial applications in Cryptography [19, 20],
Coding theory [3], Combinatorics [21] and many other disciplines.

In finite field theory, it is a well-known fact that any function f: IF;— [F, can be represented by
a unique polynomial up to degree ¢ — 1 [12]. In this view, every function from a finite field [F to
itself is a polynomial over [F, and vice-versa. A polynomial f over finite field [, is called planar
if the polynomial Dy (f (x)) = f(x + 8) — f(x) is a permutation polynomial of [F, for every non-
zero 0 € Fy. The polynomial Dy (f (x)) is called the discrete derivative of polynomialf (x). The

concept of planar function was first developed by P. Dembowski and T. G. Ostrom in 1968 [10].
They investigated projective planes with certain features using these functions. Numerous
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attempts have been made to create new classes of planar function, but only a few classes have
been identified so far. It is worth noting that all the known planar functions belong to a family
d(x) = Zﬁj_:lo a; x4+ of polynomials called Dembowski- Ostrom (DO) Polynomial with only

35+1
one exception y 2 in [F;x, where s > 3 is an odd number with gcd(s, k) = 1 [8].

Let Do(f(x)) = f(x +6) — f(x) =y has n(6,y) numbers of solutions for some v,0 € F,,.
Consider Ar = max{n(y,0):0,y € Fg, 0 # 0}. A function fis defined as differentially d-
uniform if A = d. In cryptography, functions with low differential uniformity are used due to
their optimal resistance to differential cryptanalysis in block ciphers. In finite fields of even
characteristics, the functions which are differential 2-uniform are called almost perfect nonlinear
(APN) functions. The differential 1-uniform functions are called perfect nonlinear (PN) functions.
It is easy to see that, PN functions are the planar functions itself and in Cryptographic terminology
planar functions are referred as PN functions [5]. Such functions have also been used to construct
linear codes. In 2005 [4], Carlet et.al. constructed error-correcting codes using perfect nonlinear
functions and employed to construct secret sharing schemes. In 2016 [11], Chunlei and Helleseth
derived several classes of p-array quasi-perfect codes using perfect nonlinear functions over finite
fields. Apart from applications in cryptography and coding theory, planar polynomials have plenty
of applications in combinatorics [1], design theory [18] and study of semifields [7]. Interested
readers can see [15] for an excellent survey by Pott on planar and related functions.

It is easy to see that planar functions cannot exist over finite fields of even characteristic. Since,
in this case, x and x + 6 both satisfies Dy (f (x)) = f(x + 8) — f(x) = 0. To handle this scarcity,
functions with some similar properties have been investigated. For this purpose, Y. Zhou in 2013
[22] proposed a new definition of planar function over finite fields of even characteristic.

Definition 1.1. A function f: Fyn— [F,n is called a planar function or pseudo planar if
Dg(f(x)) = f(x +8) + f(x) + Ox is a permutation of Fyn for each non-zero 8 € Fn.

In last decade this topic has drawn attention of many researchers due to its many applications in
mathematics and engineering. In 2014 [18], Schmidt and Zhou constructed a family of pseudo

2k41

planar monomial ax over Fgz , where g = 2°. Schere and Zieve constructed a monomial

ax?°*9 over finite field F,es [17]. Beside the trivial pseudo planar monomial x?, these two are
the only example of pseudo planar monomials. Schmidt and Zhou conjectured that there are no
more pseudo planar monomials. Several attempts have been made to construct and characterize
the classes of pseudo planar functions. Hu et al. constructed two classes of pseudo planar binomials
and used them to develop association schemes [10]. L. Qu developed an approach to determine
pseudo planarity of some families of DO polynomials and constructed code books using pseudo
planar function [16]. In 2021 [13], Li et al. characterized some families of binomials and trinomials
over finite fields F,2m, F,3sm , and F,sm for assuming m sufficiently large. Timpanella and Bartoli
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characterized a family of binomials over Fg s [2]. Abdukhalikov studied the pseudo planar

functions in connection with mutually unbiased bases (MUBs) in combinatorics and proved that
any pseudo planar function gives rise a semifield [1]. Constructing new families of pseudo planar
functions is a challenging problem even though if they correspond to some existing semifields
[16]. L. Quconstructed the optimal codebook which meets the Levenstein bound using the pseudo
planar functions [16]. Apart from applications in coding theory, pseudo planar functions also have
applications in finite geometry and combinatorics [22], [1].

Few classes of planar and pseudo planar functions are known so far. This strongly motivates the
authors to construct new explicit families of pseudo planar functions over finite fields of even
characteristic.

In section 2, we provide some preliminary results required for establishing the main results. In
section 3, we propose two families of pseudo planar functions over F,tm for t = 3, 4.

2. Preliminary
The algebraic degree of a polynomial over a finite field of characteristic p is defined as maximum

p weight of any exponent. For instance, the algebraic degree of Polynomial g;(x) = ¥ a; x4
over [Fyn is one, and the algebraic degree of the polynomial g,(x) = :1]—=10 a; x4+ over Fgn is
two.

Definition 2.2. Let Fn be the n —degree extension field of F,. A polynomial of the form 8(x) =

YL xqi, 8; € Fyn, is called a linearized polynomial over [Fyn.

It easily follows that linearized polynomials are additive in nature, that is, 2(x +y) = 8(x) +
L(y) forall x,y € Fgn. In fact £(x) is a linear transformation from vector space [Fn to itself with

FF, as field of scalars. So, the linearized polynomial £(x) is a permutation polynomial of Fyn if
and only if 0 is the only root of 8(x) in Fyn. The polynomial £(x) + c is said to be an affine
polynomial where ¢ € Fn is some constant.

Lemma 2.1. [8] The discrete derivative of a Dembowski-Ostrom polynomial is a linearized
polynomial.

The next lemma provides a characterization of linearized polynomial to be a permutation

polynomial.
aO an_lq Xyl alqn_l
a a q a qn—l
Lemma 2.3.[12] Let A= | 1 0 - @
. ’ n-1
lan—l an—zq e O{Oq J
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be a square matrix of order n, where a; € Fyn,i = 0,1---,n — 1. Then the linearized polynomial

La; x%isa permutation polynomial of Fyn if and only if the matrix A is invertible.

Qo  Ap—q ay
. aq ay ar

For a; € F, the matrix A reduces to the form A = :
Ap_1 Qp_z - Qo

The matrix A as defined above is called circulant matrix and it is usually denoted by
circ(og, 0y, ... Oty_q1).

Definition 2.4. [12] Let Fyn be the extension field of [F,. The trace of B € Fyn over Fg, is a
function from [ n to [F,; defined as

T7e /by (B) = B+ BT+ + BT

If IF, is the prime subfield of [F;n then trace is simply denoted by Tr[Fqn (B) and called as absolute

trace of . The trace is a linear and balanced map from FF4n to [F,. It takes exactly g™ ! elements
of [F4n to a single element of F, and in this way g™ ! elements of [F4n has zero trace.

Lemma 2.5. [12] Let B be any element of [Fgn. Then TT]Fqn/qu (y) =0 if and only if y is

expressible as 69 — @ for some suitable 8 € Fn

In the simplest case when g = 2, we see that for any y € F,n, T7,, (y) =0 ifandonlyify=
82 + 0 for some suitable 8 € Fn.

3. Families of Pseudo Planar functions
In this section we present our classes of pseudo planar functions. Throughout the Section, we take
g= 2m

In this section we present our classes of pseudo planar functions. Throughout the Section, we take
q=2m
Theorem 3. 1 Letu, v, and 8 are elements of F, with § = u® + v°. Then the polynomial f(x) =

— Xt + a1 WV paPq g a pseudo planar over F s if u® + v* # 0.
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Proof. For any 6 € "3 consider the polynomial ibg(f (x)) =f(x+6)+ f(x)+ f(6) + Ox.

The polynomial f(x) is a pseudo planar if and only if Dg(f(x)) is a permutation polynomial of
F,s. We have,

Dg(f(x)) = (xeq + x90) + —(xeq

)
= {uv®09 + uSve7° + 86}x + {uv56u3v39q2}xq + {uSv0 + udv309)x T’
= {uv®07 + uSv0?” + (u® + v)0}x + {uv®0 + u2v*07 + uv*e7 + udv309 x4
S0 + utv209” + utv209” + U309
= (uS(v87" + ub) + v° (U6 + v0)}x + (uv*(V + ub?) + u?v3(veTueT )}xd
+Hutv(ub + v + udv?(ue?” + ve?)}xe’,

The polynomial Dg(f(x)) is a linearized polynomial. Let a be any solution of Dy (f(x)) = 0.
In view of Lemma 2.3, it suffices to show that a = 0. On the contrary, suppose o # 0.

Tr (Dg (f(a))) = Tr(u’(ub + veqz)a + uv*(vd + ub?)ad + u3v2(u9q2 + v(%)q)aqz)
+T7(v® (ud? + v8)a + u2v3(u9q2 +v0%)a? + utv(ub + veqz)aqz)
= (u® +uwv* + udv)Tr ((ue + veqz)a) + (v° + u?vd +utv)Tr ((ue + veqz)aqz)

_ uS+vs
(u+v)?

Tr ((uB + veqz)(au + van))

Since, Dy (f(a)) = 0, this implies that Tr (Dg (f(a))) = 0. In view of Lemma 2.3, it follows

that u6 + v99" is a permutation polynomial for every non-zero 6 € F_s, thus u6 + v’
represents an arbitrary non zero element of Fgs. This implies that every non zero element of F s

has trace zero. This is a contradiction. Therefore, we have @ = 0. This completes the proof.

Theorem 3.2. Let u,v, and 6 are elements of [F, with 6 =u® 4+ v8 and u # v. Then, the

polynomial f(x) = xq+1 TR N L 5 L L 5 WY pat+a? i pseudo planar function

over ]Fq4.

Proof. Let 0 be an arbitrary non-zero element of 4. f(x) is a planar polynomial if Dg (f(x) =
flx+0)+ f(x) + f(B) + 0x is a permutation polynomial.
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wo? (xqzeq + xqeqz)

Do(f(x)) = uTw(xqe + x09) + u%v(xqse + x6q3) + =

usv3 (xqsng " xq20q3)

T3

Ignoring the factor % and rearranging the terms, we have,

Do (f (%) = (uv”09 + 66 + u”v0 )x + (uv’0 + u3v%09° )x? + (u3v°67 +

wSv399) x4’
+(uv0 + uSv369°)x
= (w707 + u®0 + v®0 + u7v6q3)x + (uv’0 + uv°09 + u?v°09 + u3v56q2)xq
+(u3v%07 + utv*07” + utve?” + uSv3e7 )xe
+(uv0 + ubv?07 + ubv?09 + uSv39 )x
= (7 (ub + v87°) + v7 (V0 + ub)}x + {uv® (WO + ud) + u2vS (Ve + ue?’ )}x1
+Hulv* (ve? + ub?) + utv3 (v +up?’ )}’
+Hubv(v09” + ub) + uSv?(veT +uh )}’
= {u”(ud + v6q3)x + uv®(ub? + v0)x9 + u3v4(u9q2 + veq)xqz
+uSv?(uB? + ve7 )x} + (v7 (V8 + ub?)x + u?vS (v + u?” x4
+utv3(v09” + ub )x?” + usv(ve? + ub)x9’}
Next,

Tr (Dg (f(x))) = Tr{u’(ud + veqs)x + uv®(ub? + v0)x9 + u3v4(u9qz + veq)xqz

+uSv?(ug?’ + vh9 )x 1) +Tr{v” (v + ub®x + u?v°(vo? +
ueqz)xq
+utv3(v09° + uh®)xT + usv(ve?’ + uh)x9’}
= W +uv® +udv* + uv3)Tr ((ue + v6q3)x)
+(v7 + ulPlv’® + utv® + ubv)Tr ((u@ + v@qs)xqs)
ISSN:1539-1590 | E-ISSN:2573-7104 2418 © 2024 The Authors
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= (u® +v® + u?v* + utv?){Tr ((ue + v9q3)ux) +Tr ((ue + veqs)vxq3)}

= (u+v)°Tr ((ue + veq3)(ux + vxq3)).

Next, following the arguments of Theorem 3.1 completes the proof.
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